A challenge in modeling crash frequency is an excess of sites with no crashes, few sites with a large number of crashes, or both. When there are excess zeros in the data or when the variance of the response is greater than the mean, the data are overdispersed. Recently, a few promising modeling techniques, such as the negative binomial-Lindley (NB-L) and negative binomial-generalized exponential (NB-GE) mixed distribution generalized linear models (GLMs), have been developed to handle count data overdispersion while keeping the core strength of the NB model. This study expanded the discussion on NB-L and NB-GE GLMs by focusing on their capability for modeling crash data as well as quantifying the safety impact of crash contributing factors. The mixed distribution models along with the conventional NB model were applied to a rural two-lane, two-way highway data set. The results showed that both NB-L and NB-GE GLMs could yield results similar to those of the NB model in addition to having mixed distribution probabilities to account for overdispersion. All modeling approaches successfully estimated the combined effects of lane width and shoulder width and identified the same combination with the optimal safety benefits. Both NB-L and NB-GE can be considered viable alternatives for the NB model if better goodness of fit is desired.
NB-l gl Model
Lindley introduced the probability density function for the Lindley distribution (13) . Because of the popularity of exponential family distributions, the Lindley distribution was overlooked in the previous literature (14) . The Lindley distribution is a mixture of exponential and gamma distribution. The NB-L distribution is a mixture of NB and Lindley distributions. This mixed distribution works well when the data set contains many zeros or with highly dispersed data. Ghitany et al. showed that Lindley is a better distribution than exponential distribution (14) . The probability mass function and maximum likelihood estimation equations are referred to in the study conducted by Zamani and Ismail (15) .
Geedipally et al. applied NB-L distribution in the GLM context, where the NB-L distribution can also be reparameterized as follows (11) : 
Equation 1 illustrates that εµ is the mean of variable Y following the NB distribution, and ε follows the Lindley distribution.
For modeling crash count data, the NB or Poisson-gamma mixture model (NBGLM) is the most representative statistical method used in previous studies. For modeling the mean response for crash count, the most commonly used functional form of NBGLM is the log-link function. Now, if it is assumed that the crash count follows an NB-L (Φ, p) distribution, the mean response function can be structured as follows: In the literature, researchers presented the NB-L distribution by using a stochastic representation (12, 15) . The Lindley distribution is not a standard distribution. It is a mixed distribution of gamma and exponential distribution, which can be written in the following structure (15):
The exponential distribution (θ) can also be written as gamma distribution (r, θ). If r = 1, then the gamma distribution can be equal to exponential distribution. Rewriting Equation 4 will look like 1 1 gamma 2, 1 1 1 gamma 1,
The Lindley distribution needs to be reparameterized for easy interpretability in the NB-L GLM. The mixture of two gamma distributions can be derived to be rewritten with Bernoulli distribution. Assume a random variable z that follows a Bernoulli distribution. Then the special mixed structure can be written as follows:
With the newly developed structure for Lindley distribution, the NB-L distribution can be written as following a multilevel hierarchical structure:
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In previous studies, researchers used Bayesian interface to implement this model due to the hierarchical structure of NB-L GLM (11, 16) . In the presented structure, the crash count follows an NB distribution which is conditional on a site-specific frailty term. The site-specific frailty term, ε, was assumed to accommodate additional data heterogeneity in crash data. It is necessary to specify prior distribution for the parameters to obtain the Bayesian estimate. Prior distributions are meant to reflect prior knowledge about the parameters of interest. The site-specific frailty term follows an uninformative prior of gamma distribution. The shape parameter in the gamma distribution also follows a Bernoulli distribution that depends on z = 1/1 + θ. In previous work, Geedipally et al. used a beta prior to define z in Bayesian interface (11) . But in a study conducted by Hallmark et al., rather than specifying the priors for z, the authors directly specified the prior for θ with a weakly informed prior that follows gamma distribution (16) . It could be difficult for a user to choose between the two approaches to implement an NB-L model.
To build a generalized model, the NB-L model structure must be developed so that it can perform better than or similar to the NB model with or without preponderant zero crashes or with or without a long crash tail. From the hierarchical structure, the formulation can be seen as adding a site-specific offset term in the log-transformed domain of the mean response of NB distribution. Use of a weakly informative prior may yield a model output in which the parameter estimate for Lindley distribution may have a greater contribution to crash prediction than NB distribution. Markov chain Monte Carlo (MCMC) can also suffer from poor mixing because of a correlation between the intercept and the Lindley term (Equation 3). It has been noted in the literature that if prior information is available, it should be used to formulate the informative priors (17, 18) . To limit the contribution of the mixed effect from Lindley distribution, a prior should be used to ensure E(ε) = 1. That is, the first moment of Lindley distribution, θ + 2/θ(θ + 1) = 1, which yields to an estimate of θ, is equal to 1.41. For limiting the θ value, Geedipally et al. suggested to use a prior for 1/1 + θ that follows a beta distribution, and the reasonable choice for prior distribution is Beta (n/3, n/2), where n is the total observations.
generalized exponential distribution
The generalized exponential distribution was introduced by Gupta and Kundu as an alternative to three-parameter Weibull distribution and three-parameter gamma distribution (19) . The generalized exponential distribution can coincide with the exponential distribution when α = 1. The probability mass function and the moment generating equation for generalized exponential distribution are given in studies conducted by Gupta and Kundu and Aryuyuen and Bodhisuwan (19, 20) . By differentiating the logarithm of moment function, the mean and variance for generalized exponential distribution can be obtained. The mean and variance can be written as follows:
where Ψ(.) is the digamma function and Ψ′ is the derivative of the digamma function.
Introduced by Aryuyuen and Bodhisuwan, the NB-GE distribution is a mixture of NB and GE distributions (20) . In the GLM context, the NB-GE distribution can also be reparameterized as a mixture of NB and generalized exponential distribution (10) and formulated in the following structure:
Similar to the NB-L GLM, Equation 1 illustrates that zµ is the mean of variable Y following the NB distribution, and z follows the generalized exponential distribution. Now, assuming that the crash count follows an NB-L (Φ, p) distribution, the mean response function can be structured as follows:
The NB-GE GLM works similarly to NB-L distribution. The site-specific frailty term was assumed to accommodate data heterogeneity that follows generalized exponential distribution. The implementation of the NB-GE GLM with crash count data can be found only in a study conducted by Vangala et al. (10) . Unlike Lindley distribution, the generalized exponential family is already available in the OpenBUGS library (21) . The only point of concern to applying the NB-GE model is to define informative priors for two parameters of generalized exponential distribution. Vangala et al. noted that restricting the parameters α and β between some range can improve the mixing in an MCMC and also elicit the expected value of generalized exponential distribution near 1 (10). The authors suggested limiting the value of α and β to between 1 and 3. Use of a uniform prior from 1 to 3 can be reasonable to limit the parameters of generalized exponential distribution.
Both NB-L and NB-GE GLMs have additional features that can accommodate data heterogeneity, and both yield results similar to those of the NB model if data heterogeneity is not a concern. The NB-L and NB-GE models can be considered as random intercept models as the site-specific frailty term varies from site to site. According to the amount of data dispersion, the posterior mean of frailty term can adjust the mean estimate of NB distribution. The additional parameters in NB-L and NB-GE GLMs can provide a better fit for overdispersed data. From a model design perspective, these two features give an advantage to NB-L and NB-GE GLMs in modeling complex crash data.
data descriptioN
A data set from the South Dakota Department of Transportation roadway, traffic, and accident database was used to establish the objective of this study. The roadway geometric and traffic features were available in the roadway inventory system (RIS). Multiple event tables from RIS were joined to generate homogeneous segments. The accident data set for 2008 to 2014 was collected from South Dakota accident records system. The crash data were joined with roadway data according to their spatial distance. The focus of this study was rural two-lane, two-way highway segments. The whole data set was divided into training and validation data sets. The training data set consisting of crash data from 2008 to 2012 was used to develop a crash prediction model, and the validation data set consisting of crash counts from 2013 and 2014 was used to compare prediction accuracy between models. The final data set contained 16,828 sites of rural two-lane, two-way highway segments with a cumulative segment length of 6,361.53 mi. A total of 77.8% of the sites experienced no crashes during the 5-year period in the training data set. Descriptive statistics of the variable used for model development are provided in Table 1 .
thirteeN coNtrolliNg criteria
The Green Book recommends safe and efficient practices for the design of roadways on the basis of extensive research and study (22) . After a technical review of the adopted minimum criteria in the Green Book, FHWA identified 13 criteria needing special attention, referred to as the 13 controlling criteria (23 AASHTO evaluated the contribution of the 13 controlling criteria for geometric design (24) . The safety effects for the controlling criteria on rural two-lane highways provided in this study were carefully reviewed. This study considered whether the mixed distribution models with complex mathematical structure can effectively identify the statistically significant association between crash frequency and any of these variables.
For choosing the statistically significant variables for model development, the correlation matrix was investigated for the data set, followed by the NB model that was developed as benchmarks. According to the correlation matrix results and the NB model output, speed limit, grade percentage, horizontal curve length, and rumble strip variables were discarded because no statistically significant relationship was found between crash count and these variables. Of all available explanatory variables, some of the 13 controlling criteria were found not to be statistically significant in the final model. This finding underscores the fundamental difference in the concept of nominal safety (whether a roadway, design alternative, or design element meets minimum design criteria) and substantive safety (actual or expected safety performance of a highway, usually measured by crash data).
To investigate the design exceptions and their impacts on a rural two-lane highway, the lane width, the shoulder width, and their interaction were explored. Both lane width and shoulder width variables were divided into four levels as recommended in the Highway Capacity Manual (25) , and the level designations are provided in Table 2 .
results aNd discussioN Table 3 summarizes the results of the final model for NB, NB-L, and NB-GE modeling approaches. The segment length variable was considered as an offset. To check statistical significance of parameter estimates, the 95% credible interval for each parameter estimate was reviewed. The 95% credible interval of each parameter estimate does not include zero. A total of three Markov chains were used in each model estimation process. For each chain, 30,000 iterations were used.
The first 15,000 iterations were used as burn-in samples for estimating the model parameters (these were discarded). The Gelman-Rubin convergence statistics (G-R statistics) were reviewed to verify the model convergence. Mitra and Washington recommended that the convergence is achieved when the G-R statistic is less than 1.2 (1). For assessing overall model prediction accuracy of applied models in a Bayesian framework, Krnjajić and Draper suggested to evaluate the log scoring criterion (26) (27) (28) For a large sample size, LS CV can be computationally expensive as it requires n separate MCMC runs after each observation is omitted. In the setting in which predictive distribution is not available in closed form, it can also be computationally expensive (28). Draper and Krnjajić suggested another form of log scoring that omits the leave-one-out idea, called the full sample log score (LS FS ) (28) , which is formulated in Equation 13 . The model with the higher log score is considered to have better prediction accuracy and better small sample model discrimination ability. The coefficient estimates in Table 3 show that (a) the intercept is quite different among three models because a site-specific frailty term was considered as an additional offset in both NB-L and NB-GE modeling, (b) the main effect estimates have the same sign and the mean value are similar, and (c) the interactions have rather different mean values. The estimated coefficient for lane width shows that with the increase in lane width, the reduction in crash occurrence gets smaller. The same trend is observed for shoulder width. For considering the combined effect of lane width and shoulder width, the combined mean was calculated from the main and interaction terms, as shown in Table 4 .
The results in Table 4 The estimated pseudoelasticity for the combination of lane width and shoulder width is presented in Figure 1 . Note: Dispersion and inverse-dispersion are not directly comparable because of different specifications in model structure.
In Figure 1 , the pseudoelasticity estimates are shown with a bar chart for each modeling approach. The pseudoelasticity estimates of the interaction effect suggest that a combination of a lane width of (10, 11] feet and shoulder width of (2, 4] feet has the maximum reduction in crash occurrence. Another important point is that with the same lane width, an increase in shoulder width to the next level of (4, 6] feet has the lowest reduction in crash occurrence within all interactions. Increasing lane width and shoulder width for a rural two-lane highway may not add safety benefits. In this study, the results suggest that a roadway with 11-ft lane width and 4-ft shoulder width has optimal safety benefits. Despite different coefficient trends between models, all three modeling approaches can identify the same lane width-shoulder width combination for optimal benefits.
A comparison of the findings with previous literature showed that the results conform with the study conducted by Lee et al. that found that the logarithm of crash rate was the highest for 12-ft lanes and lower for lane width less than or greater than 12 ft (30). Qin et al. found that there is an increase in single-vehicle crash occurrence with the increase in lane width on Michigan rural two-lane highways (5) . In previous studies, the authors found that crash frequency usually drops with an increase in lane width (31) (32) (33) , plausibly because of a larger separation between vehicles in adjacent lanes. However, the larger separation resulting from wider lanes may make drivers feel safe and thus increase their speed. Hauer suggested that a larger separation between vehicles tends to increase speed and reduce spacing between vehicles, which may contribute to higher crash occurrences (34) . Driver behavior influences, complicates, and sometimes compromises the safety outcome of the countermeasures, as reflected in an FHWA-sponsored study in which the safety effectiveness of a lane width and shoulder width combination on rural two-lane undivided roads was evaluated (35) . The authors compared the safety effectiveness of various allocations of total paved width into lane width and shoulder width by computing the corresponding crash modification factor. The authors concluded that there is no definitive trend in the relationship between crash frequency and the lane width-shoulder width combination. The results provided in Table 3 contain a model comparison that uses the deviance information criterion (DIC). Geedipally et al. noted that the model parameterization can influence the estimation of DIC value, and comparisons with DIC should be done only between models that have similar parameterization (36) . The authors also recommended that both NB-L and NB-GE models be compared with the NB model for similar parameterization (10, 11, 36) . The comparison of DIC value between models shows that the NB-L model performs better than the traditional NB and NB-GE models. The DIC value consists of two components: (a) measures of how well the model fits the data (Dbar) and (b) a measure of model complexity (pD). The Dbar estimates illustrates that NB-L has superior data fitting than the NB-GE and traditional NB models. The pD measure explains the magnitude of complexity for estimating the parameters. The mix distributions add a significant amount of effective numbers of parameters while implementing the model. A comparison of pD shows that the NB-L GLM has the maximum effective number of parameters among all GLMs. Comparing LS FS shows a similar trend to DIC. Krnjajić and Draper showed that for a fixed-effect modeling approach, DIC and log scores are negatively correlated and motivation of LS coincides with the goal of DIC (26) . In comparisons of random-effects models, LS may have a different trend from DIC.
For the posterior mean of coefficient to predict crashes, the overall model prediction accuracy must be checked. The validation data set was used to compare prediction accuracy between models. The validation data set consists of crashes that occurred in 2013 and 2014 on the rural two-lane, two-way state highway system in South Dakota. Figure 2 shows the cumulative sum of absolute error (SAE) for NB, NB-L, and NB-GE modeling approaches with the validation data set. In this plot, the x-axis represents crash count and the y-axis represents cumulative SAE for each crash count. Figure 2 shows that for both NB-L and NB-GE models, the cumulative SAE was smaller than NB until a certain level of crash counts. With high crash counts, the cumulative SAE value stabilized to the total SAE, which is almost similar for all three modeling approaches.
coNclusioN
Improving crash prediction accuracy is a challenge for transportation professionals. This study investigated the implementation procedure of sophisticated and complex mathematical structured NB-L and NB-GE GLMs with a two-lane, two-way rural highway crash data set. The model results were compared with the NB model. It was found that both NB-L and NB-GE GLMs not only maintained the strength of NB distribution but also accounted for data overdispersion with excessive number of zeros. A comparison of DIC and LS FS showed that both NB-L and NB-GE provide better statistical goodness of fit than the NB model. The cumulative SAE comparison also showed that both NB-L and NB-GE have a smaller SAE.
A discussion of estimated coefficients for lane width-shoulder width interactions among models underscored the important concept of substantive safety as well as its application to the design exceptions. The coefficient estimates suggested that increasing lane width or shoulder width on rural two-lane highways might not add safety benefits given an optimal combination of lane width and shoulder width. Although the NB model is adequate for modeling overdispersed data under many circumstances, both NB-L and NB-GE can be considered as viable alternatives if there are preponderant zeros in the data and better goodness of fit is desired. 
